We begin in the following section with the simple model of an oscillator A coupled to a reservoir R of other oscillators, the R oscillators causing a damping of A described by a Langevin equation. In Section 3 we review the Fano procedure for the diagonalization of the Hamiltonian of this system, and compare the diagonalization and Langevin-equation approaches insofar as they describe the time evolution of A. In the limit of zero temperature, or at any finite temperature, the two descriptions are shown to be equivalent. In Section 4 we generalize these considerations, following the Langevin approach, to the model of a homogeneous dielectric medium in which each atom is treated as a harmonic oscillator coupled to its own reservoir. The Langevin forces acting on the atoms give rise to a noise polarization determined by the reservoir operators, and the fluctuating electromagnetic field caused by this noise polarization can therefore be expressed in terms these operators. In similar fashion to the model of Sections 2 and 3, the quantized electric and magnetic fields obtained in this way have exactly the same form as obtained by Fano diagonalization. It is shown explicitly in Section 5 that the zero-point energy per mode of frequency ω is (1/2)hω regardless of whether there is absorption at that frequency [13] .
An Oscillator and a Reservoir
Consider an oscillator A of frequency ω 0 coupled to a reservoir R of other oscillators, a well-studied model for dissipation in quantum theory. To make things as simple as possible we will assume that the A-R coupling involves only energy-conserving processes, and choose this coupling such that the Hamiltonian iŝ (We use the circumflex to denote operators.) Because only energy-conserving processes are included, our model is consistent with the so-called "rotatingwave approximation" (RWA). The coupling we have chosen results in a frictional damping rate γ in the time evolution of A, as follows.
The Heisenberg equations of motion forâ andb(ω) arė
Using the formal solutionb
of equation (3) in equation (2), and definingb 0 (ω) ≡b(ω, 0), we obtaiṅ
the operator on the right-hand side being a quantum Langevin force. We solve this equation for "steady state" (γt ≫ 1) by first writingâ
Then, using the approximation
for times t such that Ωt ≫ 1 for frequencies Ω that make a significant contribution to the time evolution of a(t), we obtain
The frequency shift
obviously diverges in our model, and so the upper limit of integration must be appropriately cut off; for our purposes there is no need to explicitly indicate any cutoff. Then our solution forâ(t) iŝ
Note that, under the assumption that ω 0 ≫ γ, consistent with the RWA, we have
as required for the validity of the RWA.
Fano Diagonalization
A method of diagonalizing a Hamiltonian for coupled oscillators, used many years ago by Fano [14] , has been employed in seminal work by Huttner and Barnett [11] to obtain expressions for the quantized fields in a dissipative dielectric medium. Here we briefly review the method in the case of the model Hamiltonian (1), and compare it to the approach of the preceding section. We define an operatorB
that we require to satisfy
and also require that the Hamiltonian (1) takes the diagonal form
From [B(Ω),Ĥ] =hΩB(Ω) and the definition (12) we deduce equations relating the coefficients α(Ω) and β(Ω, ω):
The last equation leads us to write
and it follows from (15) that
i.e.,
where ∆(Ω) is defined by (9) . To determine α(Ω) we impose the requirement that the commutation relations (13) be satisfied. From the commutation relations stated earlier for theâ andb operators we obtain
or, from (19) and some straightforward algebra,
Using
and partial fractions we obtain
Therefore we can satisfy (13) by taking
sinceB(Ω, t) =B(Ω, 0)e −iΩt . The expressions (10) and (25) 
is a linear combination of A and R operators, whereas only R operators determineâ(t) in (10) . Suppose, however, that at t = 0 the A and R oscillators are all in their ground states. This state |Ψ is the exact ground state of the coupled A-R system in the RWA:
In this case the properties of A derived from (10) are trivially equivalent to those obtained from (25) . If the system is not initially in an eigenstate ofB †B , it will nevertheless approach after a time ≫ γ −1 an equilibrium state for which the long-term solution (10) forâ(t) is applicable, i.e., transient effects associated withâ(0) at some initial time t = 0 ultimately play no role in the evolution of A. Equilibrium values of correlation functions involving products of theB operators are determined solely by the reservoir operators; in thermal equilibrium, for example,
when we invoke the condition ω 0 ≫ γ as in (11) . In other words, in any state of equilibrium the solutions (10) and (25) provide equivalent descriptions of A. This equivalence holds more generally beyond the RWA (see below).
Fields in a Dielectric Continuum
Aside from the need to introduce oscillator strengths in order to obtain correct numerical results, we can model a dielectric medium in which atoms remain with high probability in their ground states as a collection of harmonic oscillators. We take each oscillator "atom" to have a mass m and a natural frequency ω 0 . We assume each of these material oscillators is coupled to a reservoir of other harmonic oscillators responsible for the damping of its oscillations and line broadening. For the Hamiltonian, including the electromagnetic field and its (electric-dipole) coupling to the material oscillators, we writê
The first two terms are the Hamiltonian operators for the electromagnetic field, the material oscillators (atoms), and their coupling via the (Coulomb-gauge) vector potentialÂ(r j ), r j being the position of the jth atom. The third and fourth terms are respectively the Hamiltonian operators for the reservoir oscillators and their interaction with the atoms. The reservoir oscillators satisfy the commutation relations
where we use Greek letters to denote Cartesian components of vectors. We choose the atom-reservoir coupling constant to be
Then, as shown below, each atom's oscillations are damped at the rate γ. Note that no rotating-wave approximation is made in writing (27). The operatorsÂ andÊ satisfy the usual canonical commutation relations for the electromagnetic field. From (28) and [x iµ ,p jν ] = ihδ ij δ µν we obtain the Heisenberg equations of motion
Using the formal solution of (31) in (30), we writë
where the Langevin force operatorF Lj (t) acting on the jth atom iŝ
The third term on the right-hand side of (32) is
We ignore a divergent frequency shift which, as in the model considered in the preceding sections, can be made finite by introducing a form factor or a high-frequency cutoff; the (finite) shift can be assumed to be contained in the definition of ω 0 . Equation (32) then has the form of a quantum Langevin equation:
In the absence of coupling to the electromagnetic field we have, for times t ≫ γ −1 ,
(We now writeb j (ω) in place ofb j (ω, 0).) Similarly, using (28), we obtain
where
The canonical commutation relation [x iµ (t),p jν (t)] = ihδ ij δ µν is therefore preserved in the coupling of each atom to its reservoir.
Since we are working in the Heisenberg picture, expectation values are over the initial state of the coupled system of oscillators. If we assume that the reservoir is in an initial state of thermal equilibrium at temperature T , then
The Heisenberg equations of motion for the electric and magnetic fields that follow from the Hamiltonian (27) and the canonical commutation relations for the field operators have exactly the same form as their classical (Maxwell) counterparts:
For a charge-free medium, furthermore, ∇ ·B = ∇ ·D = 0, wherê
withB =Ĥ in our model. It is convenient to work in the frequency domain and writê
The Fourier transform of the polarization density may be written aŝ
and it follows from (35) that
in the approximation in which we assume the atoms are continuously distributed with a density N and we define Λ c (ω) = ρ mh γω/π, with ρ m = m/N . From Maxwell's equations and (44) we obtain
where the complex permittivity is defined as
We have also defined the "noise polarization" at frequency ω:
This noise polarization obviously stems from the Langevin forceF Lj (t) in the quantum Langevin equation (35). Its principal properties for our purposes are the thermal equilibrium expectation values
and
all of which follow from (38) and b iµ (ω)b jν (ω ′ ) = 0. Equations (49) and (50) are the well-known fluctuationdissipation relations between the correlation functions of a noise polarization and the imaginary part of the dielectric function [10, 15] .
Next we define operatorsĝ λ (k, ω) by writinĝ
Since ∇ ·K(r, ω) = 0 we can choose the vectors e kλ such that k · e kλ = 0, e kλ · e kλ ′ = 0, λ = 1, 2; we also take the e kλ to be real. Then
and Eqs. (47) and (28) imply the commutation relation
We also define operatorsĉ
Finally an expression for the quantized electric field follows from (41), (45), (51), and (54):
From ∇ ×Ê = −(1/c)∂B/∂t we also obtain
These expressions have the same form as the corresponding ones obtained by Huttner and Barnett [11] by Fano diagonalization of the entire system of coupled harmonic oscillators (EM field, dielectric oscillators, and bath oscillators). Their equations for the quantized electric and magnetic fields, however, involve annihilation and creation operatorsĈ λ (k, ω) andĈ † λ (k, ω) for the exactly diagonalized Hamiltonian, instead of the reservoir annihilation and creation operatorsĉ λ (k, ω) andĉ † λ (k, ω) appearing in our expressions (56) and (57). Their diagonalized Hamiltonian, including the zero-point energy, is
The situation here parallels that for the simple model employed in Sections 2 and 3, except that no rotatingwave approximation has been made, and that one deals with three coupled subsystems instead of two coupled subsystems: we again arrive at results by a straightforward "Langevin" approach that are equivalent to those obtained by diagonalizing the complete Hamiltonian. Equations (56) and (57) (56) and (57) obtained by the Langevin approach will reproduce those obtained by exact diagonalization for dielectric media in thermal equilibrium. To illustrate this we show in the next section that the total zero-point energy appearing in (58) follows exactly from our approach; the calculation also sheds light on some of the physics involved, and in particular on the role of the Langevin forces in maintaining equilibrium.
Energy Density
We consider now the total energy density of the system of dielectric atoms, their reservoirs, and the electromagnetic field, focusing for simplicity on the limit of zero temperature. We start from Poynting's theorem in the conventional notation, using the symmetrized Poynting operatorŜ = (c/8π)[Ê ×Ĥ −Ĥ ×Ê] and taking expectation values over the initial state of the system consisting of the field, the dielectric atoms, and the reservoir:
The left-hand side gives the energy flux through a closed surface S and, given that we are assuming thermal equilibrium, must vanish. We identify the rate of change of the expectation value of the total energy density W as
and the assumption of thermal equilibrium implies that this must also vanish. In the case of interest D =Ê + 4πP ǫ +K, whereP ǫ is the part of the polarization giving rise to the dielectric permittivity ǫ(ω) andK is the noise polarization defined by (47). ThusD =D ǫ +K and
Before proceeding with the calculation of W we note the following identity expressing conservation of energy:
The first term is the rate of change of the energy density (kinetic plus potential) of the oscillators of the dielectric, while the second term is the rate of change of the energy density of the electromagnetic field. If there were no dissipation (γ = 0 and therefore F Lj = 0), the third term on the right would vanish, and W would be just the matter-plus-field energy density. The third term gives the rate of change of the energy density in the reservoirs; 2γ j (
is the rate of increase of energy density in the reservoir, equal to the rate at which the energy density of the dielectric oscillators decreases due to their coupling to their reservoirs, while jẋ j · F Lj δ 3 (r − r j ) is the rate of work per unit volume done by the Langevin forces of the reservoirs on the dielectric oscillators.
Using (41) and
and integrating over t, we obtain
since the zero-temperature expectation value Ê † λ (r, ω) ·Ê λ ′ (r, ω ′ ) = 0 and Ê λ (r, ω) ·Ê † λ ′ (r, ω ′ ) = 0 unless λ = λ ′ and ω = ω ′ . It is convenient to rewrite (66) as a sum of two identical terms and to interchange ω and ω ′ in one of these terms; this allows us to write
It follows from (55) and (56) that the vacuum (zero temperature) expectation value
The first term in (67) is now evaluated using
We evaluate the second term by noting that the zeroth-order contributions in (ω − ω ′ ) in the numerator cancel each other, while the first-order terms result in a contribution linear in the elapsed time t:
Therefore
where we have used the relations ǫ R = n 2 R − n 2 I and ǫ I = 2n R n I between the real and imaginary parts of the permittivity ǫ(ω) and the refractive index n(ω).
For the evaluation of W 2 it is convenient to defineK(k, ω) by writinĝ
and use (51), (54), and (56) to relateK λ (k, ω) andÊ λ (k, ω):
After inserting (72) and (73) in (63) and performing some algebra we get
and, proceeding as in the evaluation of W 1 ,
We see that the time-dependent term in W 2 (t) exactly cancels the time-dependent term in W 1 (t). The total energy density is obtained by adding (71) and (75) [13] :
Finally, using ǫ(ω) = n 2 (ω) and the following relations
and summing over polarizations, we obtain the vacuum expectation value of the total energy density:
This has the exactly the form expected had we ignored absorption entirely and simply posited that each mode of frequency ω and wavenumber k = n R (ω)ω/c has a zero-point energy (1/2)hω, so that the energy density summed over all modes is W = 2 1 2π
The physical interpretation of this result is that the loss of energy due to absorption is balanced by the work done by the Langevin forces that maintain the canonical commutation relations of the dielectric oscillators.
Summary
Based on the simple model of a harmonic oscillator coupled to a reservoir, we showed how the Heisenberg equations of motion leading to a Langevin equation for the oscillator can give results equivalent to those obtained from the exact (Fano) diagonalization of the complete oscillator-reservoir system. We then used the model of a dielectric medium as a collection of harmonic oscillators, each oscillator coupled to a reservoir responsible for dissipation and a Langevin force as well as to the electromagnetic field, to derive the fluctuation-dissipation relation between the noise polarization arising from the Langevin forces and the imaginary part of the permittivity of the dielectric medium. The simple oscillator-reservoir model we considered would suggest that the solutions for the electric and magnetic fields in a dielectric medium, with the noise polarization as a source, might have the same form as obtained when the complete system of dielectric oscillators, reservoirs, and the electromagnetic field is diagonalized. We showed that this is in fact the case. Then we considered the total energy density of the complete system and showed explicitly that it is given by Eq. (78), which is exactly the form of the energy density obtained when absorption is ignored. In particular, we showed that a positive energy rateẆ 1 > 0 arising from the interaction of the electromagnetic field with the dielectric oscillators is exactly canceled by a corresponding negative energy rate coming from the interaction of the system with the reservoir, W 2 = −Ẇ 1 < 0.
